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Results of Wave Interferences.

By Pliny Earle Chase, LL. D.,

Professor of Philosophy in Haverford College.

{Read before the American PMloS(yphkal Society September 31 and October

19, 1877, and Jannari/ 18, 1878.

)

The combined iafluences of action and reaction, elasticity, density, and
fundamental velocity, in the arrangement of the solar system, are shown
by the symmetrical formula,

^1 + /

(1.)

in which <,, = mass of Sun ; <l^ = mass of Jupiter ; / = average velocity of

complete solar dissociation = 214.86
f,

h- 497.825 =: velocity of light;

X^ z= 1 ^ (f p =2 X velocity of incipient solar dissociation = mean
3

radial velocity of complete solar dissociation = ^ ^ • V ~ p .

No. seconds in 1 year'

rtj = Jupiter's projectile radius or mean perihelion distance from Sun
;

p = Sun's equatorial radius. Substituting the values /,= p -^ 2.817 ;

/, =: ^ H- 344.15 ; pi = 1060.62 ; „ = 1 ; the equation reduces to

hum „ _|. p^

C--^) = 1070.62 .
•

. :=r 1049.24.

Bessel's estimate is 1048.88 ; the difference between the theoretical und

the observed value being only -^^ of 1 i)er cent.

The velocity of light also appears as an important factor in tlie follow-

ing equations, thus furnishing further evidence, both of the significance of

Earth's pdsition, at the centre of the belt of greatest condensation, ami of

Jupiter's influence :

l—L_hJL = / (3)

(i)Pi

li _ ).

p
~ Tx

X3- (3)

x2 i (4)

t^ — — y 1.001 days. (5)

< : ^ : : ;., : ;. (G)

In these ecjuations nr: ^ fr = terrestrial dissociative velocity; u-i
=
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3

mass of Earth ; /\ = density of Earth in units of Snn's density ; 2^ =
time of revohition at 2 y ;

2^ = radius of revoh;tion for 2 t ; d =^ Earth's

mean distance from Sun ; (5= time of oscillation through major-axis equiva-

ent to Sun's possible atmosphere, or to ^ of Earth's radius vector ; t^ = time

of Jupiter's revolution ; f., = time of Earth's revolution ; 1.061 = Jupiter's

secular aphelion ..

radms vector,
mean

It is evident, from equation (<3), that -^ —
? might be substituted for

Aj + zl—
-.—, in the exponent of equation (1).

In the undulations whicli are generated by the two controlling masses, fx

and /jtj, we may naturally look for harmonic interferences, not onlj- in the

light spectrum, but also in cosmical aggregations and in elementarj'^ molecu-

lar groupings. If we compare a and -/, at Jupiter's present perihelion, we

find that the product of Jupiter's radius vector by its mass is 1.0153 times

the product of Sun's radius by its mass. Representing 1.0153 by n, and

taking a = (i X .0153 = .0918, the harmonic progression, —;—,
—

,
. ,* n -\- a' ii -\-2a

n-{-Sa ''
°
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corresponding harmonic quotients, the greatest deviation being less than

one per cent., that tliey maybe properly regarded as illustrations of second-

ary interferences ; introducing two harmonic triplets, with a uniform de-

nominator difference of 2 «, («, + 3 «, 4 a, 6 « ; t? -|- 6 a, 8 a, 10 a).

The bracketed divisors indicate tertiary harmonics, based on denominator

differences of «' = .0153 : 1.1530 = 1 + 10 a' ; 1.4437 == 1 + 29 ^/'
; 1.7650

= 1 + 50 a' ; 1.9180 —1 -f 60 a'. The greatest difference between the

theoretical and observed values is less than f of one per cent. ; the other

differences range between ^^^ and ^^3 of one per cent.

Among the subordinate spectral lines there are some as I have shown

elsewhere,* which are closely represented by the denominators n -\- % a,

n ^ A a, /i -|- 5 a, n -\-1 a, n -\- S a, m -|- 9 <i. But, on account of the

great number of faint lines, such accordances are less satisfactory than

those whicli can be found in the lines which are more widely separated and

more prominent.

In planetary aggregation the interference waves have manifested their

influence most strikingly at luminous internodes. The denominators

are exponential, indicating roots which are to be extracted, instead of

divisions which are to be made. It will be noticed that the first six expo-

nential denominators in the following table, are arithmetical means between

the adjacent numbers in the primitive series of nodal divisors in the fore-

going table, and that the others are formed by successive denominator in-

crements of i a.

Exponential
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prominent lines. The wave-measurements, in all of the following com-

parisons, are taken from the paper of Professor Wolcott Gibbs, in the Ameri-

can Journal of Science, second series, vol. xlvii, pp. 198, seq. KirchhoiFs

lines are indicated by K : Huggins's by H ; Gibbs's groupings of corres-

ponding lines, in the observations of both Kirchhoff and Huggins, by K H ;

the left-hand columns containing KirchhofTs estimates, and the right-hand

columns those of Huggins :

Mercury, K H.

Wave-lengths.

568.47 568.55
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Wave-lengths.

636.99 637.37

610.64 610.89

589.90 589.90

472.25 471.98

Wave-lengths.

647.22 647.08

644.59

531.27

509.00

480.56

468.10

441.94

531.01

508.83

480.27

441.81

Zinc, K H.

Ciuotlents.

1.0000 1.0000

1.0432 1.0442

1.0798 1.0805

1.3488 1.3504

Cadmium, K H.

Quotients.

1.0000 1.0000

1.0041

1.2182 1.2186

1.2715 1.2717

1.3468 1.3473

1.3826

1.4645 1.4646

Theoretical.

1.0000 1

1.0390 1 -^ a

1.0781 1 -f 2 a

1.3513 1 -I- 9 a

Theoretical.

1.0000

1.0041

1.2300

1.2727

1.3450

1.3818

1.4600

1

1 -(- a --

1 + 2 a

1 + 6b
1 -f 3a
1 + 76
1 -f 4«

28

The quotient of KirchhofFs sixth wave-length by the seventh (468.10

-=- 441.94), is equal to the quotient of the fourth by the fifth (509 -=-

480.56 = 1.0592). The harmonic denominators, 1 -i- 7 c, 1 + 11 r, 1 -f-

15 c—[fc —311.6— give 1.2181, 1.3428, 1.4674 ; but this is not so satisfactory

a representation, on the whole, as the one I have adopted. (2 -j- 3 -(- 4) a

= (5 + 2 X 7) 6.

Lanthanum, K.

Wave-lengths
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Antimony, K H.

Wave-
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Stkontium, K. H. —Continued.

[Chase,

Wave-lengths.
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Kirchliofi's (Table IX) differ by less than a unit. The groups may be con-

nected by the equations, 21 a = b ; 10 b = 9 c; & b ^ 1 d.

The foregoing investigations were undertaken in consequence of a sug-

gestion by Professor Henry Draper, that I should test my theory of har-

monic undulatorj' influence by an examination of spectral lines. Professor

Asaph Hall led me to the discovery of further corroborative tests, by the

query, "Will the inner moon of Mars fall into harmony, or will it make a

discord ? " *

If we start from a point near the theoretical beginning of nebular con-

densation for the outer satellite,! and take 2x3 —1 harmonic divisors, of

the form div.n -^ i = 3 div.n —div.i = div.n + 3n —i, we find the follow-

ing accordances :

Numerator. Divisors. Quotients. Observed.

13.7 d^= 1 13.700 13.693 = Nebular radius.

d, = Sd^ —di= 2 6.850 6.846 = Deimus.:}:

d., = Sd, —d,r= 3.740 3.730 = Phobus.if

d^ —Sd., —di = 14 .979 1.000 =
^J' semi-diam.

<Z. = S d^ —di = 41 .334 .333 = c? c. of rad. osc.

In a letter to the editors of the American Journal of Science and Arts

(Oct., 1877, p. 337), Professor Kirkwood calls attention to the rapid motion

of the inner satellite, and asks :
" How is this remarkable fact to be recon-

ciled with the cosmogony of Laplace ? " He suggests a partial explanation,

based upon the motions of Saturn's ring, and concludes with the remark :

" Unless some such explanaticm as this can be given, the short period of the

innej- satellite will doubtless be regarded as a conclusive argument against

the nebular hypothesis.
'

'

This is undoubtedly true, if we accept the nebular hypothesis in the form

in which it is popularly taught, and in which Laplace is commonly sup-

posed to have held it. But there are probablj^ very few among the students

who have given the subject much careful attention, who have supposed

that all the planet-building has taken place at the "limit of possible atmos-

phere, " or the point of equal centripetal and centrifugal force. It may
well be doubted whether the illustrious French Astromomer ever held such

an opinion, and it is certain that Sir William Herschel never did, for he

speculated on the "gradual subsidence and condensation'' of nebulous

matter "by the effect of its (jwn gravity, into more or less regular spherical

or spheroidal forms, denser (as they must in that case be) towards the

centre." |

As necessary consequences of such subsidence, there would be an accelera-

tion of velocity in all the nebular particles, the acceleration being more

rapid in the nucleus, than near the outer surface of the nebula. Many in-

*.See Journal of the Franklin Institute, Nov., 1877.

t Phil. Mag. Oct., 1S77, p. 292.

JThese are the names proposed for the satellites by their discoverer, Prof.

Asaph Hall.

? Herichel's "Outlines of .VKtronomy," } 871.
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dicatious point to the simultaneous, or nearly simultaneous, initiation of

numerous planetary centres, and it is very doubtful if either of the two-

planet belts, except, perhaps, that of Neptune and Uranus, will be long re-

garded as having been " thrown off" by the mere increase of centrifugal

velocity.

At the very outset of my own investigations,* I was careful to limit my
acceptance of the nebuar hypothesis to the qualified exposition of its origi-

nator, as stated by Sir John Herschel : "Neither is there any variety of

aspect which nebulae offer, which stands at all in contradiction to this view.

Even though we should feel ourselves compelled to reject the idea of a gase-

ous or vaporous 'nebulous matter,' it loses little or none of its force. Sub-

sidence, and the central aggregation consequent on subsidence, may go on
quite as well among a multitude of discrete bodies, under the influence of

mutual attraction, and feeble or partially opposing projectile motions, as

among the particles of a gaseous fluid." f

It matters not whether there Is such a thing as a luminiferous iiether, or

whether the hypothesis of such an entity is merely a convenient assump-

tion for the co-ordination of results which are due to the action of forces

such as irould exist in such a medium. The proper study of the forces, and

of their mathematical consequences, is the great thing to be sought, and

the numerous accordances which I have already found, show how prolific

such studies may become. Those accordances, as it seems to me, are

already sufiicient to establish the Herschelian hypothesis as a true theory,

beyond the reach of all possible controversy. That the elastic, or quasi-

elastic, forces, which are continually operating throughout the solar system,

should extend the harmonic laws to the satellites, as well as to the planets

and to the spectral lines, is a necessary consequence of the simplicity and

unity of design which underlie the manifold phenomena of the universe.

In the case of our own moon, as we have onh' two terms. Earth's semi-

diameter and Moon's orbital major-axis, the harmonic equation is indeter-

minate ; its direct solution is, therefore, impossible. I have elsewhere,

however, called attention to the fact that Earth is central, in the belt which

is bounded by the secular perihelion of Mercury and the secular aphelion

of Mars, and this fact, together with the nearly sjmchronous rotation of

all the planets in the belt, may be regarded as indications of common forces,

such as would be likely to lead to common harmonies. The sixth and

seventh divisors of the Mars series represent, respectively, the ratio of

Earth's semi-diameter to Moon's major-axis, and the ratio of Earth's axial

rotation to its orbital revolution, viz.

:

rfg == 3 rf- —
(7i

= 122. 120. .5331 = Moon's major-axis.

d. —Zd^—d^ = 365, 365.2564 = Earth's year.

The harmonic series, of which Mars and its satellites form a part, seems

to have been established before the ring of greatest nebular condensation

—

the ring of which Earth was the centre —was broken up. In the solar

» Phil. Mag., April, 1876.

iLoc.cU.
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system, as well as in the group of densest planets, the number 3, which

represents the uneven harmonics of an organ-pipe, as well as the oscilla-

tory divisions of a linear pendulum, holds a prominent place. For we find,

at the outset, the following approximations to important nebular centres :

38 =
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tancesof Uranus and Jupiter ; the "Extreme secondary radius " is Uranus's

aphelion radius, or the serai-diameter of the ring of secondary condensa-

tion ; the "Nebular radius" not only represents the theoretical incipience

of Mars's nebular condensation, but it also corresponds, almost precisely,

with the sum of the secular perihelia of .Jupiter ('4.886) and Saturn (8.734),

in units ot Earth's semi-major-axis —the secular perihelion being the time

of greatest orhital vis viva; " Moon's major-axis " is also Earth's "Nebular

radius;" the "Terrestrial acceleration" represents the theoretical in

crease in the angular velocity of Earth's rotation, since its rupture from

the central nucleus, or the ratio of its day to its year ; "Jupiter's semi-major-

axis" is measured in units of Sun's mean perihelion distance from the

centre of gravity of Sun and Jupiter.

The sum of the infinite series, to and including 3 —
•, is f, which repre-

sents the ratio of vis viva between undulatory velocity and the velocity of

the particles of a medium constituted according to the Kinetic theory *

Alexander has shown the importance of that ratio in planeto-taxis,f and I

have shown that it represents '

' centres of explosive oscillation,
'

' or the

centre of secondary oscillation between the primary centre of oscillation

and the centre of gravity, in a homogeneous line of particles (| —§ of ^

= f). Adding the next term of the series, we get f, which represents the

centre of linear oscillation. Neptune's major-axis (60.06) is, within yV of

1 per cent., (3* —3^
-f-

3^ —3^ = 60) times Earth's mean radius vector.

These harmonies embrace orbital radii of the largest five planets of the

solar system, of the inner planets, and of the asteroidal belt, together with

nebular-, satellite-, and planetary-radii, for the outer and the middle planets

in the theoretically primitive central belt, or the belt of greatest condensa-

tion. Can any interpretation be rightly put upon such a chain of har-

monies, which does not recognize the fundamental laws of harmonic oscil-

lation and harmonic design ?

Neither of Mars's moons is of sufficient magnitude to cause any great per-

turbations. To this fact, perhaps, as much as to the proximity of the den-

sity-centre, we may attribute the regularity of the Mavortian system. In

the solar system, as we have seen, % the preponderating mass of Jupiter sets

up a new order of differences in the harmonic denominators ; and we may

find probable indications of similar influence in some of the satellite

systems, and in the elementary spectra.

In the satellite system of Uranus, if we take the semi-major-axis of the

outer satellite as the common numerator (22.75), we find the following

harmony :

Denominators. Theoretical.

1.000 1.000

1.337 1.343 ^ 1 + 2 a
2.194 2.199 r= 1 + 7 a
3.058 3.055 = 1 + 12 a

Semi-diameter, 1.00 22.750 22.750 ^ 1 + 137 r/

* Maxwell and Preston, Phil. Mag., June, 1877.

fSmithsonian T'ontributions, 280.

X Ante, xii, 4(j3«g(/. ; xiii, 237-9 ; etc.

PROC. AMER. PHILOS. SOC. XVII. 101. 2l. PRINTED MARCH27, 1878.

Satellites.
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In the Saturniau system there is a slight uncertainty in the satellite ele-

ments, except in the case of Titan, whose orbit was well determined by

Bessel. It will be seen that Titan's great mass introduces a secondary

harmony. The following harmonic denominators are based upon relative

mean distances which would represent the orbital times, as furnished by

Professor Hall :

Denominators.

1.000

2,402

2.914

6.756

9.436

12.087

14.966

19.206

64.359

It is well to notice that h (1.920) is very nearly the square of a (1.397).

In the column of times, Japetus, divided by Titan, is nearly 5 ; H^'perion,

by Rhea, 5 ; Dione. by Enceladus, 2 ; Tethys, by Mimas, 2 ; Titan, by

Rhea, I : Rhea, by Dione, f ; Hyperion, by Titan, | ; Hyperion, by Dione,

8 ; Hyperion, hy Mimas, V- ; Titan, by Mimas, 17.

The satellite system of • Jupiter, our Sun's "companion star, '' exhibits

harmonies of distance, time and mass. The mean distance of the outer

satellite, Callisto, is 3'' semi-diameters of its primary (26.9984). Using this

as a common numerator, we find that the other satellites are phyllotacti-

cally, as well as harmonically, arranged :

Satellites.
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called attentioQ five or six years ago.* He thus obtains a planetary series of

great symmetry and beauty, but it is neither so close in its general approxi-

mations, so broad in its indications, nor so simple in its law, as my series of

harmonic nodes, determined by the overshadowing influence of Jupiter.

f

His figures, however, in connection with my own, show that the law of

simple harmonic interferences is universally operative, between adjacent

planets and satellites, as well as in the systematic subordination of whole

groups to more widely controlling masses.

I quite agree with Professor Alexander, in thinking that the relations of

the mean distances, detailed in his " Harmonies, '"
:}: belong to a very

' ancient and probably formative state of the system ; while those of the ex-

treme distances, as also Stockwell's curious relations between the perihelia

and nodes of the outer planets, § have been brought about by subsequent

perturbations. According to the nebular hypothesis, we might naturally

look, when rotation was first established, for arrangements determined bv

centres of spherical gravity, inertia and oscillation. But as soon as

nucleal points appeared, con-esponding linear centres began to be operative,

and their influence must have become more and more prevalent as conden-

sation went on, leading to the many consequences which I have already

pointed out, as well as to many others, the discoveiy of which will doubt-

less reward the labors of future investigators. Evidences of perturbative

action originating since the establishment of the terrestrial nucleus,

seem to be given bj' the following equations :

(!)

c:

(/in)- = /- (8)

In these equations ?ii = the special coeflBcient of Jupiter's dissociative

velocity (n^ ~
i /i'"i) : '\ = Jupiter's secular perihelion distance from the

Sun ;
'J.^ = Uranus's mean distance from Sun

; ifir{)'^ = limit of satellite-

velocity at Jupiter. In view of the many pointings which we thus find

towards the limiting velocity of light, it seems probable that the solar-dis-

sociative velocity is still continually efficient, through the combined in-

fluences of virtual fall and elasticitj-, in maintaining the gaseous structure

of the Sun. Alexander's relations between Saturn's moons and belts indi-

cate a similar gaseous structure in the belted planet ; but even in the

Saturnian system my harmonic series gives closer approximations to actual

lunar distances, except in the cases of Titan and Tethys, than Alexander's

series, which represents centres of atmospheric dissociation, thus doubly con -

firming the hypothesis that centres of spheroidal activity are first operative,

and that afterwards, linear centres modify and extend tlie primitive har-

monies. Titan is Saturn's giant moon. The ratio of distance to planetary

radius, for Tethys, is the same as the ratio between the limiting satellite-

velocities of Jupiter and Earth.

*Ante, vols, xii, 403-7, 412, 520; xiii, 146, 196 (11); xiv, 655, etc.
iAnie, xiii. 196 ai); 2;^7-9.

tSinithsomaa Contribution.s, 280.

^Smithsonian Contributions, 232, p. xiv.


